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ABSTRACT: Using an earlier discovered analogy between Dirac’s fermions and semiflexible polymers (Ann.
Phys. (N.Y.) 1990, 202, 186), the static scattering function is calculated analytically for polymer chains of
arbitrary stiffness and length. The obtained results are in excellent agreement with the available Monte
Carlo data for semiflexible chains. On the basis of this agreement, a new method of measuring the persistence

lengths is proposed.

1. Introduction

Although the conformational properties of semiflexible
polymers had been studied experimentally for quite some
time,! there has been very little progress of our theoretical
understanding of these properties until recently. In
particular, using the Kratky-Porod (K-P) model of
semiflexible chains, Koyama? was able to calculate the
first three even moments of the end-to-end distribution
function. Using this information he made an attempt to
calculate the scattering function S(k). His S(k) is in
disagreement, however, with the exactly known?® rigid-rod
limit for S(k) for arbitrary k’s and coincides with rigid-
rod S(k) only asymptotically for k — <. Inref4, S(k) was
calculated for the infinitely long (!) K-P chain, while in
ref 5 the combination of analytical and numerical methods
was used to obtain the results for chains of arbitrary length
and flexibility. Because no useful closed-form analytical
expression was obtained for S(k), Monte Carlo methods
were subsequently used to obtain S(k) for chains of
arbitrary flexibility (including the excluded-volume in-
teractions in some cases). An up-to-date summary of the
existing analytical and numerical results on S(k) is given
in ref 6. The failure of existing analytical approaches to
calculate S(k) in closed form is due to the difficulties of
analytical calculations based on the K-P wormlike chain
model.

In a series of papers™!2a new approach to conformational
statistics of semiflexible polymers was developed. Being
guided by the considerations of complementarity and
consistency, this new approach allows one to preserve the
results and methods traditionally used for the description
of fully flexible polymers!? and to extend them in a fully
controllable way to chains of arbitrary flexibility. It is
important to mention that this new method is not restricted
to the single-chain properties. For example, in ref 8
Flory’s!4 and Onsager’s!® results for solutions of semi-
flexible/ridid-rod polymers were reproduced and methods
of obtaining systematic corrections to the above mean-
field results were briefly discussed.

At the very foundation of our approach lies the
observation made by Polyakov (e.g., see ref 16, p 225):
“The geometrical properties of fermionic path are very
different from bosonic one. In particular, while in the
bosonic case we have a Brownian path with its size R and
length L connected by the diffision law R? ~ L, in the
Fermi case things are different, namely, R2 ~ L2.”

Because fully flexible polymers are described by Brown-
ian (bosonic) random walks at scales beyond the Kuhn’s
length!® [ (see below), then, upon rigidification, their
description in terms of random walks becomes more and
more fermionic in the sense given above. Inrefs 7 and 10,
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a precise mathematical description of the above bose-
fermi transmutation is provided. It is based on the use
of the Euclidean version of the Dirac propagator (instead
of the Klein—Gordon propagator effectively used in fully
flexible chain calculations!?). Inref12,S(k) wascalculated
with the help of the Dirac propagator for chains of arbitrary
length N and stiffness a (e.g., see eq 3.14 of ref 12).
Subsequent analysis revealed (see also the text below) that
eq 3.14 is acutally valid only in some limiting cases, e.g.,
for flexible chains (¢ << N) and for all chains for small k’s.
In this paper calculation of S(k) for chains of arbitrary
stiffness and for all & is presented.

2. Notations and Background

To introduce notations, consider the Fourier trans-
formed end-to-end distance distribution function, G(k,N).
For the one-dimensional case (d = 1), it is given by:

G&,N) = f dR ¢*FG(R,N) o)

With the help of eq 1, the moments are calculated, as
usual, as

R = () ClMlno @

For Gaussian chains in d-dimensions we have G(k,N) =
Go(k,N) = exp(-k2N/2d), with | = 2a. The above
identification I = 2a follows from the K-~P description of
polymer chains and is valid, strictly speaking, only in the
limit of small a’s as discussed in detail in ref 12.

Using eq 2, we obtain, for example, (R%2) = NI. The
scattering function S(k) is obtained as3!3

Sy(k) = le— [¥ar [Nar Gyl = fé(x “1+eH @

where x = (k%/2d)NI.

Let us now examine the case of semiflexible chains. By
continuity and complementarity, we expect the first
equality in eq 3 to remain the same, with G being replaced
by a yet unknown distribution function Go(k,7). To
obtain Gy(k,|7]), it is helpful to recall that the function
S(k) is also known exactly in the rigid-rod limit.3 In
particular, for d = 1 it is given by!? S™(k) = (sin y/y)?,
where y = kN/2. Using eq 3 in this limit, we are faced
with the problem of how to find Go(k,|7]) if S**(k) is known.
If we try Go(k,7) = cos(kr), then using eq 3 (with obvious
replacements), we arrive at ST(k) as required.
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In refs 7 and 8 it was shown that for d = 1 the proper
form for Go(k,r) is

G,(k,7) = 2 cosh(mEr) + (2/E) sinh(mEr)  (4)

It was explicitly demonstrated in refs 10 and 12 that
Go(k,r) is the Dirac propagator for a fictitious particle
with mass m « a-land E2 = 1 - k%/2m2 Form — 0 (i.e.,
in the rigid-rod limit) and upon rescaling, r — 21/27 (e.g.,
see ref 9 for details), we obtain Gy(k,7) = 2 cos(kr). The
factor of 2 can be eliminated by introducing the normalized
propagator Gn(kr) = Go(k,7)/ GO(O 7). Hence, at least for
d = 1, the Dirac propagator, given by eq 4, reproduces
known results for S(k) in both the rigid-rod (m — 0) and
random-coil (m — «) limits and for chains of arbitrary
stiffness S(k) is given in analytical form by eq 3.14 of ref
12. In order to extend the above result to the practically
interesting 3D case, it is sufficient to perform an angular
averaging of the above 1D result as explained in ref 17
(e.g., see sections 7.32 and 7.34). Indeed, in the case of
rigid rods, if we replace y by y cos 0 in S7(k) given above,
then, according to ref 17, we obtain

oo

St = (S7()) = [ *d(cos ©) [E%‘%’fg_)] -
Lymsins g, _ (siny)’
Jo ( ) ®

which is the well-known result® for the scattering function
S(k) for rigid rods in three dimensions. For completeness,
it is instructive to demonstrate how the second line of eq
5 can be obtained form the first line. Begin with the
observation that

sin(y cos 0) _
ycos O
Using eq 6 we can rewrite the first line of eq 5 in the form

Sk) = lf_ldt %fldx lfldz orityE-D) =

R e

The last result coincides w1th that given by Yamakawa?®
for rods, as required, and leads directly? to the second line
of eq 5. This result may be generalized for chains of
arbitrary stiffness with the help of eq 3.14 of ref 12 and
the angular averaging procedure just described. There is,
however, an alternative way to arrive at the correct 3D
result which is going to be demonstrated below.

f d eu:y co8 © f dx e-txy cos O (6)

sm kx

()]

3. Scattering Function from the Dirac
Propagator

Begin with the observation that for rigid rods in 3D the
angular averaged distribution function is known exactly?
and is given by G'(k,r) = (sin k7)/kr (e.g., see eqs 3 and
7 above). When this result is substituted into eq 3 or eq
7, it produces the well-known S(k) for rigid rods.? With
the help of G(k,7) we can calculate the moments (e.g.,
{R?), etc.) by obvious generalization of eq 2 to the 3D
case. This produces (R2) = N2, (R4) = (3/5)N*%, etc. This
should be contrasted with the K-P limiting results:3 (R?)
= N2and (R4) = N4, Inc1denta11y, notice that if we would
formally use Go(k,7) = cos(k7) in eq 2, then we would
obtain (R2") = N?2» for all n. In the opposite limit of
random coils the situation is not better. Indeed, the K~P
model produces (R2) = NI, [ = 2a, and (R*) = (5/3)(N])2.
The last result is in disagreement with that which could
be obtained if we would use Go(k,N) in eq 2 (obviously
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generalized to the 3D case): for (R*) we would obtain
(Nh2,

Toobtain results which are in agreement with that which
are exactly known for both limits, consider the Euclidean
version of the 4D Dirac propagatori® given by

-1 . k-m
Erm o
where, as usual, k = v#k,, with v# being the usual Dirac

matrices (Euclidean version) so that {y#,v*} = -26+. Now
let m — im, then we obtain (by taking the trace)

Grk,m) = ®

tr G = —% 9
B k4 s?om?

where s is the Laplace variable conjugate to “time”, i.e.,
to the polymer’s length. The inverse Laplace transform

of tr Gg is given by

sin((k*- m»YIN)  (10)

-1 =
L7 [tr Ggl = e 2)1/2
tobe compared witheq 4. Letusnormalize this expression
to obtain

_m
_ (k2 - m2)1/2
GlN) = sinh mN

In accordance with the results of refs 7-12, consider the
rigid-rod limit (m — 0) of the above propagator. A simple
calculation produces the result? for rigid rods. Consider
now the opposite limit: m — « (which corresponds to
random Gaussian coils). In this limit we obtain

Gk,N) ~

o~ (k¥/2mN _ e—2mNe(k2/2m)N{ e ) ( K2 )
1+— )~ -
1-e?mN \ 2m? exp N
(12)

It is convenient now to rescale m = dm and to write (in
this limit only), for such rescaled m, as m-1 = I. Then, we
obtain Go(k,N) (e.g.,see eq 2) asrequired. With the above-
defined G(k,N) we can calculate moments such as (R2)
in the way described in refs 7-12. For example, for (R2?)
we obtain (d = 3)

sin [(k? - m?»Y2N]

1D

2
(R, = —(coth 3mN - = L -4 76 a3

R s

where L(x) is Langevin’s function and x = 3N/2a (which
amounts to having m-! = 2a as before). Equation 13 is
written in a form which is especially useful for comparison
with (R2) for the K-P chains which is known to be

(RYg p = 2a%(y - 1 + exp(-y)) (14)

where ¥ = N/a. In Figure 1 plots of (R2) for K-P and
Dirac chains are depicted for some representative values
of N. The corresponding radii of gyration are obtaine” *
the usual way? as

N
(Re2) = #jo dx (N - x)(R.2)
A simple calculation produces
40%1 1
<RG2>D = T ;[Il(x) - ;12(35)]
where I,(x) = [§dz z*(coth z - 1/2), n = 1, 2. Thi:

be compared with the K-P result: (Rg?)k-p = (a?/.
- 3yt + 6y? - 6y3(1 ~ exp(-y))]. Straightfors
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Figure 1. Mean-square end-to-end distance for Dirac (1) and
K-P (2) chains as a function of persistence length a (for
representative N = 200).

integration demonstrates that the corresponding radii of
gyration behave practically the same as (R2)’s. Hence,
for all practical purposes eqs 13 and 16 can be used instead
of the corresponding K-P results. Moreover, in refs 7-12
it was demonstrated explicitly how K-P results for (R2)
and (Rg2) can be obtained with the help of Go(k,r) given
by eq 4. Evidently, G given in eq 4 and G given in eq 11
are related to each other (see eq 19 and the following
discussion). @ provides, however, a complete description
(for all k’s, N's, and a’s, see Figures 2-5) while G is only
good for calculation of low moments of the distribution
function, as was demonstrated in ref 12 where several
observables (e.g., diffusion and viscosity coefficients) were
calculated. Unlike the K-P case,’ calculation of all
moments is possible analytically now without any diffi-
culties. Moreover, by combiningeqs 3 and 11 thescattering
function S(k) is obtained which by design correctly
reproduces the rigid-rod and random-coil limits and is
given analytically by

2 1
S(k) = ;[I(]')(x) - "x'I(g)(x)] (17)
where Iy = [§dz 271 f(2), n = 1, 2; x = 3N/2a,
1 sinh(E2) (k < 3/2a)

sinh z

f(z) =

E
in(E.
% S22 k> 3/20)

sinh z

E=[1-(ak)]" 5= [ Rax-1]"

The plots of S(k) are presented in Figures 2 and 3. To
better understand these plots, it is useful to recall that in
the limit 2 — « S(k) is expected to have the following
asymptotic form:4

Sk) ~ C, (k2R3> (18)

In the case of rigid rods C.. = 7/121/2,y = 1, and (Rg?) =
N?/12, while in case of random coils C. = 2, v = /5, and
{Rg2) = 2aN/6. In view of these results, it is useful to
consider the combination Nk2S(k) as a function of k. The
results depicted in Figures 2 and 3 are useful to compare
with the experimental plots of Krighaum and Sasaki.1?
These authors have claimed that the use of small-angle
X-ray scattering (instead of the usual light scattering)
allows direct and quick measurement of the persistence
length a. Being motivated by the asymptotic result (eq
18), they have observed a characteristic crossover from
the random-coil (re, horizontal line) to the rigid-rod (rr,
positive slope line) behavior (e.g., see Figures 4 and 5 of
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NK2S(K)

Figure 2. Plots of Nk2S(k) as function of k (for N = 200) for
various values of persistence lengths a. a = 1, 2.5, 5, 20, 50, and
1000. The horizontal solid curve represents the random-coil (rc)
asymptote for the Debye function while the solid positive slope
curve corresponds to the rigid-rod (rr) asymptote. The curves
for a = 50 and 1000 practically coincide with the rr asymptote.
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Figure 4. Normalized Kratky plot for the Dirac chain of various
effective segment lengths N/a: rods N/a =~ 1 and coils N/a > 50.

ref 19). The results depicted in Figure 3 are in excellent
agreement with that given in ref 11 for intermediate and
large k’s. However, unlike ref 19 (and ref 12) the results
of Figure 3 do not indicate visible cusps at values of k
determined from the equation 1 = (2/3)ak*. The positions
of cusps at k*'s were postulated to provide direct deter-
mination of the persistent length a. For small k’s the
amount of background noise is expected to be appreciable,
as was acknowledged by the authors of ref 19, so that the
measurement of k* is rather unreliable. In view of that,
Krighbaum and Brelsford?® have alternatively suggested
use of the normalized Kratky plot?! (e.g., see Figure 8 of
ref 20) to determine a. Based on eq 17, the Kratky plot
for the Dirac chain is presented in Figure 4. The resuits
are strikingly similar (if not identical!) to that obtained
for a K-P chain (Figure 8 of ref 20) by Monte Carlo
methods. It is equally striking to compare the results of
our Figure 3 with Figure 7 of ref 22 and Figure 21 of ref
21. The above similarity of results is the most vivid
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Figure 5. Plots of Nk2S(k) as a function of persistence length
a for fixed value of k and various lengths N.

2

6

. _ 1000
\ \/200 k=0.25
X 4 \ 100
Ky .
X s\
z 3 AN \\
\\‘\\
Z \~‘\‘\\
S
Sx Y

Figure 6. Same as in Figure 5 but for smaller k’s.

manifestation of the bose-fermi transmutation discussed
in the Introduction.

The Kratky plot (Figure 4) is not the most convenient
way to determine a as was pointed out in ref 20. Figure
5 provides an alternative way of measuring a by plotting
the experimentally measurable combination Nk2S(k)
versus a for fixed wavelength k. As Figure 5 indicates,
this plot is rather insensitive to the chain length N and
therefore is universal. The numerical analysis of eq 17
shows that this remains true for as long as k is not too
small. Taking into account that the excluded-volume
effects leave S(k) practically unchanged (e.g., see Figures
2 and 4 of ref 23), the plot of Figure 5 can serve as a useful
alternative to the Kratky plot which, in addition, does not
suffer from the polydispersity effects.

The results of Figure 5 should be contrasted with that
of Figure 6 which depicts the same plot but for smaller
values of the wavevector k. Obviously, making measure-
ments at larger k’s dramatically reduces the effects of
both the polydispersity and the excluded volume on the
accuracy of measurements of a.

4. Discussion

It is important now to understand better the interre-
lation between the propagators given by eqs 4 and 11. The
Laplace transformed version of eq 4 is known!2 to be (upon
obvious rescaling)

s+m

+ 5% - m?
This is to be compared with eq 9. Equation 19 can be
obtained with help of the Dirac propagator (eq 8). Indeed,
as discussed in refs 8 and 9, the lattice version of the
propagator Gy is obtained only if proper averaging over
the initial states and summation over the final states of

300s) = (19)
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the lattice walk is done, as is also done in the case of the
continuous limit for the Dirac particle.## Inthe continuous
limit the polarization density matrix p is used (e.g., we can
choose p = (1/4)/ + v*a,)) so that tr p = 1 and a, can be
assigned to properly account for the orientation of the
initial and final states. If we choose p in the form p =
(1/4)( + iv%), then multiplying of both sides of eq 8 by
p and taking the trace brings us back to eq 19 as required.
It is important to notice that the above averaging of the
initial and final states is also crucially required for the
bosonic K-P propagator discussed in ref 8.

In conclusion, several comments can be made. First,
the above results are also of interest in particle physics?
where for quite some time attempts have been made to
construct the path integrals for relativistic particles with
spin by means of bosonic Lagrangian with higher deriv-
atives. The models considered so far? contain the
tachyons (i.e., particles with imaginary masses) which are
apparently of no physical interest. However, eqs 8 and 9
indicate that in statistical mechanics of polymers the
situation is just the opposite. Extension of the above one-
dimensional models to two-dimensional models for the
semiflexible surfaces® might require use of the tachyonic
states as well. This could be understood by considering
the conformational properties of the K-P-Dirac curve lying
on the fluctuating semiflexible surface. These ideas are
currently under development.?” Second, in ref 8 it was
indicated that the analogy between the K-P and Dirac
path integral formulations of semiflexible chains is not
one-to-one (e.g., see Figure 1) so that the moments of
distribution functions are different in general. This
difference is not significant, however, as the above-
presented results demonstrate, but the consistency re-
quirements discussed in this paper strongly favor the Dirac
description (fermionic or bosonic(!)) versus the conven-
tional K-P. Third, from the results on semiflexible
polymers already obtained, it is possible to conclude that
the effects of the excluded volume!! on the conformational
characteristics of polymer chains can be mimicked by the
appropriate choice of the persistence length a. Inthe case
of self-avoiding surfaces, the same idea has also been
recently discussed in ref 28. There it was shown that the
effects of surface self-intersections can be transformed
into an extra rigidity term in the surface path integral,
thus converting the integral for the flexible (bosonic) string
into a Polyakov-Kleinert “smooth” string!82 path integral.
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Note Added in Proof: After this paper was accepted
for publication, I was kindly informed by Dr. Vilgis that
he had used earlier the relativistic Klein—-Gordon prop-
agator for description of conformational properties of
polymer chains. In ref 30 he had obtained the first
correction to Gy, eq 2, caused by the effects of rigidity.
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